Abstract. Let K be a totally real number field of degree r = [K : Q] and let p be an odd rational prime. Let K∞ denote the cyclotomic Zp-extension of K and let L∞ be a finite extension of K∞, abelian over K. In this article, we extend results of [Bü 09] relating characteristic ideal of the χ-quotient of the projective limit of the ideal class groups to the χ-quotient of the projective limit of the r-th exterior power of units modulo Rubin-Stark units, in the non semi-simple case, for some Qp-irreductible characters χ of Gal(L∞/K∞).
Introduction
Let K be a totally real number field of degree r = [K : Q]. Fix a rational odd prime p and let K ∞ denote the cyclotomic Z p -extension of K; fix a finite extension L ∞ of K ∞ , abelian over K. Fix also a decomposition of There is at least two ideas behind the proof of such a theorem. On the one hand, the result may be stated in terms of Selmer groups. On the other hand, Rubin-Stark elements give rise to Euler systems for the p-adic representation T = Z p ⊗ O(χ −1 ). Mazur and Rubin developed in [MR 04 ] an Euler system and Kolyvagin system machinery so as to determine the structure of the associated Selmer groups, in the case where a certain cohomological invariant, called the Selmer core rank, is one. As an application to Iwasawa theory Büyükboduk obtains a divisibility relation between the characteristic ideals of the projective limit of these Selmer groups, which transforms into equality if the corresponding Kolyvagin system is primitive. For more detail, see [Bü 07] . He then applied this theory to the proof of Theorem 1.1 by constructing a primitive Kolyvagin system from Rubin-Stark elements and Selmer groups of core rank one. [MR 16 ] the notion of Stark system/Kolyvagin system of rank r. They used this notion to determine the structure of Selmer groups, when the core rank is greater than one.
Remark 1.2. Mazur and Rubin introduced in
In this paper we prove Theorem 1.3. Assume that the hypotheses
We . In particular, we construct an ad-hoc Selmer structure and an associated Kolyvagin system. We have to use the structure of the semi-local units, cf. Theorem 5.1. But this is already known, thanks to Greither who applied Coleman's theory in [Gr 96] to determine this structure. In the semi-simple case Büyükboduk used a weak structure theorem of Colmez-Cherbonnier, obtained by using the theory of (ϕ, Γ)-modules.
Selmer structures
In this section we recall some definitions concerning the notion of Selmer structure introduced by Mazur 
where
Let F be a number field, and for a place w of F , let F w denote the completion of F at the place w. Let us recall the local duality theorem c.f.[Mi 86, Corollary I.2.3 ]: For i = 0, 1, 2, there is a perfect pairing
where H * (F w , .) denotes the Tate cohomology group. 
Let I w denote the inertia subgroup of G Fw . We say that T is unramified at w if the inertia subgroup I w of w acts trivially on T . We assume in the sequel that T is unramified outside a finite set of places of F .
Definition 2.2. A Selmer structure F on T is a collection of the following data:
• a finite set Σ(F ) of F, including all infinite places and primes above p, and all primes where T is ramified; • for every w ∈ Σ(F ), a local condition on T .
If F is a Selmer structure on T , we define the Selmer group H 1 F (F, T ) ⊂ H 1 (F, T ) to be the kernel of the sum of the restriction maps
where G Σ(F ) (F ) := Gal(F Σ(F ) /F ) is the Galois group of the maximal algebraic extension of F which is unramified outside Σ(F ).
A Selmer structure F on T determines a Selmer structure F * on T * . Namely,
under the local Tate pairing , w and 
where the intersection is over all finite unramified extensions k of 
For any G Fw -module M , we define the subgroup of unramified cohomology classes
For future use, we record here the following well-known properties of unramified cohomology 
Iwasawa Theory
Fix a totally real number field K. Let r = [K : Q] and K ∞ = n≥0 K n denote the cyclotomic Z p -extension of K. Assume that all algebraic extensions of K are contained in a fixed algebraic closure Q of Q. If F is a finite extension of K and w is a place of F , fix a place w of Q lying above w. The decomposition (resp. inertia) group of w in Q/F is denoted by D w (resp. I w ). If v is a prime of K and F is a Galois extension of K, we denote the decomposition group of
In the sequel, we will denote by T the p-adic representation
Let Σ be a finite set of places of K containing all infinite places, all p-adic places and all places where T is ramified. If F is an extension of K, we denote also by Σ the set of places of F lying above places in Σ. 
) denote the corestriction (resp. restriction) map. For these local conditions, we write
where the projective (resp. injective) limit is taken with respect to the corestriction (resp. restriction) maps.
Recall that for any Galois extension F/F ′ of number fields, K ⊂ F ′ ⊂ F , the restriction map induces an isomorphism
c.f. [AMO, Lemme 4.3].
Lemma 3.2. We have H
This equality is implicit in [Bü 09, Proposition 2.12]. It is a consequence of the weak Leopoldt conjecture. Indeed, using (4) and passing to the inverse limit, we obtain 
Let n be a nonnegative integer, we write A n for the p-part of the class group of L n and E ′ n for the group of p-units of L n . Let
where all inverse limits are taken with respect to norm maps. It is well known that
Then, by (4), we have
Proof. Using Dirichet's unit theorem and the assumption (H 0 ), we get
where t is a nonnegative integer independent of n. Then by [Gr 94, Theorem], we see that
This finishes the proof of the proposition.
For an O-module M , we denote by
Proof. This is [AMO, Proposition 3.8].
Lemma 3.6. If one of the hypotheses (H
Proof. Consider the exact sequence
Passing to the projective limit and taking the ∆-co-invariants, we get
where ∆ = Gal(L ∞ /K ∞ ). Using Proposition 3.4 and Proposition 3.5, we obtain that
where J is the augmentation ideal of Λ and
This concludes the proof of the lemma.
Euler systems of Rubin-Stark units
In this section, we construct an Euler system in the sense of [Ru 00, Definition 2. We set some notation. Let K be a number field and let F be a finite abelian extension of K. Fix a finite set S of places of K containing all infinite places and all places ramified in F/K, and a second finite set T of places of K, disjoint from S.
where Frob p ∈ G is the Frobenius of the (unramified) prime p. For each ρ ∈ G, there is an idempotent
Following [Ta 84] we define the Sticklberger element
which we view as a C[G]-valued meromorphic function on C. Let ρ ∈ G and let r S (ρ) be the order of vanishing of L S,T (s, ρ) at s = 0. Recall that 
We will identify Hom
For any Z[G]-module M with trivial Z-torsion and any positive integer r, we let
Assuming that (F/K, S, T , r) satisfies hypotheses H(F/K, S, T , r) and r ≥ 1, let
.
Remark 4.2. It is immediate that for
for sufficiently large positive integer n. Since U S,T (F ) has finite index in U S (F ),
Remark also that the module (QU
Let V = {v 1 , · · · , v r } be a set of r places in S, which split completely in F/K and let W = {w 1 , · · · , w r } be a set of places of F such that w i lies above v i , for all i = 1, · · · , r. For any place w i , we define the G-equivariant map:
is defined by Reg 
Conjecture 1. RS(F/K, S, T , r). Suppose that (F/K, S, T , r) satisfies hypotheses H(F/K, S, T , r).
Then, for any choice of V and W , there exists a unique element ε F,S,T ∈ Λ S,T such that 
Assume that L and K ∞ are linearly disjoint over K, and L is the fixed field of ker χ. We continue to assume that our representation is
For a cycle r of K, let K(r) be the maximal p-extension inside the ray class field of K modulo r. Let L n = LK n and let f n denote the finite part of the conductor of L n /K. Remark that f n has the form f n = hs n , where h is prime to s n for all n and does not depend on n; moreover s n is divisible only by those prime ideals of O K which ramify in L ∞ /L. For any extension F of K, we define F (r) as the composite of K(r) and F , and for any ideal a, we denote the product of all distinct prime ideals dividing a by a. Let us also assume that S contains the set Σ ∞ and at least one finite place, but does not contain any p-adic prime of K. For any Galois extension F of K, we denote the set of ramified primes in F/K by Ram(F/K). Let
Following Büyükboduk [Bü 09] we choose T = {q 0 } where q 0 is a prime such that p ∤ Nq 0 − 1 and q 0 ∤ 2, for such T = {q 0 } we have U SF ,T (F ) = U SF (F ) Moreover, if F is totally real then the hypothesis H(F/K, S F , {q 0 }, r) is satisfied. Let
: r is a finite cycle of K prime to q 0 f χ p, g | h and n ∈ Z ≥0 } where L n,g is the maximal subextension of L n whose conductor is prime to hg −1 , and f χ is the conductor of χ. In the rest of this paper we assume (H 0 ) : the number field L is totally real, and that the conjecture RS(F/K, S F , {q 0 }, r) holds, for all F ∈ K 0 . Remark 4.4. Let ε n,g = ε Ln,g,SL n,g ,{q0} be the Rubin-Stark element for the conjecture RS(L n,g /K, S Ln,g , {q 0 }, r). Since | S Ln,g |> r + 1 for n ≥ 1, the element ε n,g lies in Q ⊗ Z r E n,g , where E n,g denotes the group of global units of L n,g .
Definition 4.5. Let n be a nonnegative integer. We denote by St n the Z[Gal(L n /K)]-module generated by the inverse images of ε n,g under the map
r E n / / Q ⊗ r E n for all g | h.
Recall that for any number field F , Kummer theory gives a canonical isomorphism
Since χ(G Ln(r) ) = 1 for every n ≥ 0,
Let ε n (r) = ε Ln(r),S Ln(r) ,{q0} be the Rubin-Stark element for RS(L n (r)/K, S Ln(r) , {q 0 }, r). By Remark 4.2, ε n (r) can be uniquely written as
where ε i is the image of ε i by the natural map Q ⊗ L n (r)
Then under the isomorphism (6), we can view each
For any cycle r which is prime to q 0 f χ p, and every n ≥ 0, we define c n (r) = cor
where cor (r)
Ln+1(r),Kn(r) is the map
induced by the corestrection map
For the convenience of the reader we recall that for any finite group G and any O[G]-module M , we have a map
Indeed, the natural map
On the other hand, the map 
Let us recall also that for any finite Galois extensions F ⊂ F ′ of K, the norm map from F ′ to F induces a homomorphism
where ∆ F = Gal(F/K). In particular, the collection
is a projective system for the maps given in (10). 
Let us identify ψ n,r with its image
where c n (r) is given in Definition (8).
By the defining integrality property of the elements ε n (r) and Corollary 1.3 in [Ru 96], we get
Remark that for every n ≥ 0, we have cor 
Modifying the local condition at p.
In this section, we modify the classical local conditions at the primes above p to obtain a Selmer structure L on T . To this end we assume the hypotheses (H 1 ) and (H 2 ) all throughout. The following theorem is crucial for our purpose. It is a direct consequence of [Gr 96, Theorem 2.2].
Theorem 5.1. For any
is free of rank one. 
where the module V(1) is free cyclic over
Since χ(Frob v ) = 1, we obtain
Proof. Let v be a p-adic prime of K(r). By Theorem 5.1 we see that H
Let K = n,r K n (r) and let G denote the Galois group Gal(K/K). 
is injective, with cokernel annihilated by p d .
Proof. For any p-adic place v of F , we fixe a place v of K lying above v. One has
where D v (K/F ) is the decomposition subgroup of v in K/F . By dualizing the inflation-restriction exact sequence
we obtain an exact sequence
is a torsion-free O-module, then we have an exact sequence:
As Büyükboduk did in [Bü 09], we fix a free
Recall that Σ is a finite set of places of K containing all infinite places, all p-adic places and all places where T is ramified.
Definition 5.6. Define the modified Selmer structure
5.1. Choosing homomorphisms. Let us keep the same notation as above. In this subsection, we show the existence of a homomorphism
of rank r − 1. This in return fixes a basis {ψ
are compatible with respect to the maps
F denote the image of ψ
LF under the canonical injection
Remark that the map
is surjective and ker(Ψ LF ) = L GF .
Define
We may therefore regard Ψ := (Ψ F ) K⊂ f F ⊂K as an element of the module 
Proof. Thanks to Proposition 5.5, the canonical map
where Σ r = {w ⊂ F ; w | r}. 
. For this we need some facts about the local condition L.
Proof. First consider, the exact sequence
Then, by Proposition 5.5, we get 
Since the restriction res :
Gn,r is an isomorphism and the O-module
Gn,r is an isomorphism. Therefore, we have
Then by the snake lemma, we get
Therefore it suffices to prove that
By cohomology we obtain the exact sequence
, T ) be the element defined in (8) and let loc p denote the localization map into the semi-local cohomology at p
Let G and F be Selmer structures on T . Following [MR 04, §2.1], we say that G ≤ F if
The following lemma is crucial for our purpose Recall that we proved in Proposition 5.8 the existence of an element Remark that under the Leopoldt conjecture for L, the localization map 
